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Frequeney-weighted internally balanced (FWIB) truncation is briefly reviewed. A previous frequency response
error analysis for FWIB truncation is extended, and an exact error bound for the special case of order reduction
by one state is presented in terms of the controllability-observability measure used in selecting the coordinate to
truncate, as well as two additional frequency-dependent variables. An approximate error bound for the general
case of order reduction by more than one state is also developed, under the assumption that only states with small
controllability-observability measures are truncated. The error bound is shown to give justification for the FWIB
truncation technique based only upon consideration of the controllability-observability measures. However, the
presence of the two additional variables suggests a new technique based upon the derived criterion. FWIB resid-
ualization is presented, and a frequency response error analysis yields results similar to that found for FWIB
truncation. Numerical examples are given to support the error analysis results, as well as to stress that FWIB trun-
cation and residualization can be used in a coordinated manner to achieve higher accuracy than that achievable

from either technique used alone.

Introduction

ODELS developed from governing physical principles are

often of high dynamic order,? complicating the direct
use of the model in the intended application. For example, con-
trol law synthesis is a common application for dynamic models.
However, many modern linear control synthesis techniques pro-
duce a controller with dynamic order at least equal to the plant
dynamic order.>* This is unacceptable for controller implemen-
tation. Thus, order reduction of dynamic models is of extreme
importance.

A reduced-order model for the plant, or for the compensator,
should preserve key frequency-domain characteristics of the higher
order model,>~!! and an order reduction technique specifically tai-
lored for this task is frequency-weighted internally balanced (FWIB)
truncation.® In this technique, coordinates reflecting small measures
of weighted controllability-observability are truncated based upon
the argument that the procedure should yield a reduced-order model
that matches the frequency response of the higher order model in
the desired frequency range. Numerous examples have validated the
algorithm %1214

As yet, however, no rigorous theoretical result exists for this tech-
nique that guarantees a small error in the critical frequency range,
similar to the result discovered for unweighted internally balanced
(IB) truncation.>!> Special weighting filters have been developed
that make the IB bound applicable to the weighted case.!® How-
ever, these weightings are specifically tailored to yield the error
bound result, not to obtain an accurate approximation in the de-
sired frequency range. Enns® did consider a frequency response
error analysis for his technique, but his result was left in a state
with limited utility. The first goal of this paper is to extend the fre-
quency response error analysis of Ref. 5 for FWIB truncation, so
as to develop a theoretical justification for this weighted reduction
technique.'!"!’
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Recall from classical order reduction theory that truncation
is most appropriate for eliminating lower frequency dynamics,
whereas residualization is more appropriate for eliminating higher
frequency dynamics, relative to the frequency range of interest. !>
References 18 and 19 recently considered this point and showed
that, in specific applications, IB reduction based upon resid-
ualization is better suited than IB truncation. Further, all the
properties existing for IB truncation carried over to IB resid-
ualization. In light of these results, the second goal of this
paper is to establish FWIB residualization as an appropriate or-
der reduction technique, to be used in conjunction with FWIB
truncation.'!-!7

Truncation with FWIB Coordinates
In this section, FWIB truncation is briefly reviewed. Consider a
finite dimensional, linear, time-invariant state-space model repre-
senting the higher order system, or

x(t) = Ax() + Bu(r) y() =Cx(@)+ Du(r) (1)
Also consider input and output weighting filters
xwi (t) = AyiXui (t) + Bwia(t)
Xuwo(t) = AuoXwo(t) + Buoy(t)
)]

u(t) = Cuixwi(t) + Dy (1)
Y (1) = CyoXuolt) + Dyoy(t)

cascaded with the higher order model in Eq. (1). The input weight-
ing filter is used to adjust the frequency response such that 8(jw) to
y(jw) is approximately the same as #(jw) to y(jw) within the fre-
quency range of interest and is well attenuated outside the frequency
range of interest. On the other hand, the output weighting filter can
be used to adjust the frequency response such that u(jw) to y (jw)
is approximately the same as u#(jw) to y(jw) in the desired region
and is well attenuated otherwise.
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The weighted controllability and observability grammians X and
Y are defined as>®

xo | X Xy 1 Oo)_(('a)))_(*('w)dw
T X Xn| T 2n J J

—0oC

X(jw) = (joI — Ax)™'Bx

Yu Y 1 [*. _
Y=|: 1 12] / P*(jo)¥ (jw) do
Yy

Yo |~ 27

- - 3)
F(jo) = Cy(jol — Ay)
w8 ] e
0 Ay B.,
A 0
AY:l:BwoC Awo] Cr = [DueC  Cuol

Further, if A, A,;, and A, are asymptotically stable, then X and Y
are the solutions to

AxX + XA% + BxBy =0

4
ALY + YAy + C5Cy =0 @

FWIB states X are related to the state vector x in Eq. (1) by
the transformation®

x@) = VWi(@©) ()]

where V decomposes X1 Y11, X1y, and 17 as

XnYn =vev™ X, =ve¥vT oy, =vUxiy!
¥ =135
Y = diag{o;} 0; >0
T = diag{asi} O = 0
%o = diaglo,} 066, 20

(6)
and W is defined as

12 .
W= diglw]  w = { (0 /o0) " if o, #0andoy #0
1 it o, =0o0roy =0

4!

F;inally observe that X; and Y are transformed such that X 1=
Y 11 = IR

Now assume the higher order model in Eq. (1) is FWIB and
suppose the higher order and reduced-order models have dynamic
order n and ng, respectively. Further, suppose the o; are ordered
from $mallest to largest. Partitioning of X,;Yy; as

20
X11Y11=22=[ ' ]

0 =2
21 =diag{a,v} i= 1,...,n—nR (8)
Zzzdiag{m} i=n—nR+1,...,n
0<oy < <o,

leads to a partitioning of Eq. (1), or

HO | 1 An Ap ([ x@) + B ()
O | | An Axn || w0 B,

x1(8)
x2(8)

)]

y() =I[C, C2]|: ]+Du(t)

Truncation of the states x; leads to the reduced model’

X2(t) = Apxa(t) + Bou(t) y() = Cyx2(t) + Du(t) (10)

Truncation Frequency Response Error

In this and the following sections, the first goal of developing an
error bound for FWIB truncation is considered. Denote G(s) and
G ¢ (s) as the higher order and reduced-order transfer function ma-
trices corresponding to Egs. (1) and (10), while G, (s) and G, (s)
represent the input and output weighting transfer matrices corre-
sponding to Eq. (2). The order reduction error is given as

E(s) = G(s) — Gr(s) an

and the magnitude of the individual elements of E(jw) in the fre-
quency range of interest are an important measure of accuracy in the
reduced-order model.>®10.11.13 A closely related measure is the indi-
vidual elements of the weighted frequency response error defined as

Ey(jo) = Guo(Jo)E(jo)Gui(jw) (12)

Note that if G,;(s) and G, (s) leave the frequency response unaf-
fected in the frequency range of interest and provide high attenuation
otherwise, then E,,(jw) and E(jw) are essentially the same in the
frequency range of interest, and E,, (jw) is small otherwise. Finally,
the maximum singular value of E,,, denoted as o[ E, ], is an upper
bound on the magnitude of the elements of E,, (jw).’

It can be shown that the weighted truncation error can be
expressed as>!!

E,(jw) = C,(jo)A™ (jo) B, (jw) (13)
where
B,(jw) = Bjo)Gui(jow)  Cu(jo) = Gu(jo)C(jw)
B(jw) = Bi + Ap®(jo)B,  C(jw) = Ci + C2@(jw)An

P(jw) = (jol — Ap)™!

A(jw) = jol — Ay — Ap@(jw)Axn
(14)

Further, the maximum singular value of the weighted error can be
expressed as

& [Ey] = A[AT'B,ByAT " C;C (15)
Wherej denotes the maximum eigenvalue. By expanding the prod-
ucts B, (jw)B; (jw) and C;(jw)C,(jw) and using the trans-
formed, partitioned Eq. (4), it can be shown that>!!
Bwé;z = A[Zh + Xph(—jol — A*wi)‘lcz)ié*]
+[Z1 4 BCui(jol — Ay)™ (Xa1)i|A*
CiCy = A*[Z1 + (Y1 (joI — Auo) ™' BuoC]
+ [T+ C*BE (—jol — AL) ' (Ya)]A

(16)

where (X>); and (Y1,); are partitions of X,; and Y),, respectively,

induced by Eq. (9), or
(Yizh
Xn =[(X X Yip = 17
a1 =[(Xa)r  (Xan)2] 12 |:(Y12)2:| )]

After substituting Eq. (16) into Eq. (15), 6 [ E, (j w)] can be rewritten
aS5,11

GHEL) = A[{Z1+ M" + A7 (B + M)A*}
x {Zi+ N+ A7 + N9a)] (18)
where

M(jw) = BUw)Cui(Jool ~ Au)™ (Xa1);s

- (19)
N(]w) = (YIZ)I(JC‘)I - Awo)_leoC(jw)

Note the £ + M (jw) and T; + N (jw) structure in Eq. (18), which
is convenient for further error-bound simplification.
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Truncation Bound for Order Reduction by One State
Forn —ng =1, %, = 01, A(jo) = §(jw), M(jw) = m(jw),
and N(jw) = n(jw) all become scalars, and Eq. (18) becomes!

GHE,] = (L + b7 a)(1 + ¢ 'c*a®) (o1 + m*) (o1 +n)  (20)

where

a(jw) =87 (jo)§ (jw)

(21)
b(jw) = a1 + m*(jw) c(jw) = o1 +n(jw)
provided o7 # —m*(jw) and 01 # —n(jw) for all frequencies.
Note that o is areal number, whereas m(jw) and n(jw) are complex
numbers, making it unlikely thatoy = —m*(jw) and 07 = —n(jw).
Since the right-hand side of Eq. (20) originates from a positive
semidefinite matrix (i.e.,E, E?} ), taking the absolute value does not
alter the equality, or

GAE,) = [1+b7'b"al [1 + ¢ 'c*a*| oy + m] |oy + 1]

< (L+ 676" lah( + [e7'c*| |aDlor + m] |oy + n
22)

Substitution of the equalities |a(jw)| = 1, [b7 (jw)b*(jw)| = 1,
and |c7!(jw)c*(jw)| = 1 into Eq. (22) yields the error bound for
order reduction by one state:!

GlEu(jo)] < 2loy +m(jo)| ooy +n(jo)1V?  (23)

Observe that the structure of this error bound is quite similar to
that for IB truncation® and clearly reduces to the IB result when the
weighting filters are selected as unity [i.e., m(jw) = n(jw) = 0].

Approximate Truncation Bound for General Case

Unfortunately, the error bound for order reduction by one state
cannot be applied successively (without approximation) to obtain a
useful error bound for the general case of order reduction by more
than one state. This is because the reduced-order model from trun-
cation is not FWIB. This is seen from the transformed, partitioned
Eq. (4), or

AXRXR +XRA*XR -+ BXRB)*(R = RX

24
A% Yg + YrAyg + C}, Cry = Ry @4
where
Ay ByCy B,D,,;
AXRZ[O A,] BXR=[B':|

Ay 0
A =
T I: BwoCZ Awo ]

Xy = [ p’s (Xlz)z:l

CYR = [DwoC2 Cwo]

YR=[ % (Y12)2] 25)

X21)2 X» (Ya1)2 Yo
0 —An (X2
Ry = .
‘(X21)1A21 0
Ry = 0 AL Y12
Y —(YahAn 0

For the reduced-order model to be FWIB, the residual terms Ry
and Ry would have to equal zero, and they are clearly not zero,
in general.

Suppose for now that Ry and Ry are small and negligible (this as-
sumption is addressed later). Denote by m; (jw) and »; (j) the vari-
ables corresponding to m(jw) and n(jw), respectively, in Eqg. (19)
for successive order reductions by one state. Also denote by E,, (jw)
the weighted frequency response error for each successive order re-
duction by one state, or

GLEw, (ja)] < 2[lo; + m;(jw)| o |oi +n; (jow)|]'?

for i=1,...,n—np 26)

Now, the frequency response error E,, (jw), for the general case of a
reduction from 7 to n, in one step, is related to the errors E,, (jw) by

n—np

E,(jo) = ) Ey(jo) @7
i=1

Taking the singular value of Eq. (27) and pulling the summation
outside the singular value yields

n—ng

GlE,(jo)] < Z GlEy (jo)l (28)

i=1

Finally, substitution of Eq. (26) into Eq. (28) leads to the approxi-
mate error bound for the general case, or'!"'7

n~ng
GIE,(jo)) <2 ) lloi +mi(jo)| e o +n(jo)I?  (29)

i=1

Again observe the similarity with the error bound for IB truncation,’
and note the result reduces to the IB bound when the weighting filters
are selected as unity [(i.e., m; (fw) = n;(jw) = 0].

Observations Supporting FWIB Truncation Technique

Observe that the error bounds given in Eqgs. (23) and (29) consist
of two parts: the controllability-observability measures o; and the
additional variables m; and n;. Clearly, if states with small values for
o; are truncated, then the contribution to the error bound from o; will
be correspondingly small. Of concern now is the significance of the
truncated m; and n; to the error bound. Numerous examples®12-14
demonstrating that FWIB truncation yields an accurate reduced-
order model in the frequency range of interest suggest that, if the
truncated measures o; are sufficiently small, then the corresponding
values for m; and n; and their contribution to the error bound will
also be small. Support for this claim is considered next.

Let X (jw) and Y (jw) from Eq. (3) be partitioned as

Xwi(jo) (30)

Y(jo) = [Guo(jo) Yo (jw) Yuo(jw)]
with
Xo(jo) = (jol —A'B  ¥s(jo) = C(jol — A)™

)_(wi(jw) = (.]wl - Awi)ﬁlei on(j(l)) = Cwo(.iwl - Awo)_l

31
Further, partition Xg(jw), Y6 (jw), Xuwi (jo), and ¥y, (jw) as
}_(Gl (]Cl))
X (o) = :
Xg,(jo)
Ys(jw) = Y6, (jo) Y5, (j)]
i (32)
X, (joo)
Xui(jo) = :
Xy, (joo)
Yuo(j@) = [Vuo, (jo) Vo, (j)]

where p and ¢ denote the dynamic order of G,;(s) and G, (s),
respectively.
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Using the notation in Eq. (30) and the transformed Eq. (3) yields

1 © -
L= 2—;[ X(jw)Gui(jo) Gy (jo) X5 (jw) dew

1™ o
= E/ Ye(jw)G,(J)Guo(jw) Yo (jw) dw

(33)
| e -
X = ~/ Xui(jo) G, (jo) X5 (jw) dw
27 f o
L™
Yo = —~/ Yo(jw) G, (jo) Yuo(jw) dw
27 J_o
Finally, from Eq. (33) and using the notation in Eq. (32),
T N
o= [ X, (j@)Gui(jo) | de
1 i s 2
=5 |Guolio)¥a, (jo) |, deo 34

1 R -
(o051 < 5= f | Xui G ||, | X6, (j) G (o) ||, deo

(33)

1 e - _
i)y, | = 5= / [ Guo (i) ¥a, (o) |, || Vo, () |, deo
- (36)

Equations (34-36) are the key result here. First, observe
from Eq. (34) that, for the smaller values of o;, one can expect
1Xg,(jo)Gui(jo) 2 and [|Guo(j@)Ys, (jow)ll2 in Eqgs. (35) and
(36) to be small, since the integrand in Eq. (34) is always nonnega-
tive. Second, note from Eqs. (35) and (36) that | Xg, (Jw) G i () il
and |G, (jw) YGi (jw)|i, directly contribute to upper bounds on the
magnitude of the individual elements of (X7,); and (Y},);. Finally,
recall that each element of M (jw) and N(jw) depends upon the
elements of (X5;); and (Y2);.

Based upon the above observations, small values for the o; mea-
sures imply small numerical values for the elements of M (jw)
and N(jw) and hence for m; and n;. Therefore, the contribution
loi + m; (jw)| |o;: + n;(jw)| to the upper bound on the weighted
frequency response error in Egs. (23) and (29) will be small when
the corresponding measure o; is small. This establishes support for
the FWIB truncation algorithm.

Returning to the assumption that the residual terms in Eq. (24)
are small and negligible, note that the nonzero blocks of Ry and
Ry are direct functions of (X»1); and (Yj2);. Then, based upon the
previous development, a model obtained by truncating states having
numerically small values for o; is nearly FWIB. The error bound in
Eq. (29) for the general case of order reduction by more than one
state is denoted approximate, in this sense.

As a final observation, Egs. (23) and (29) raise an interesting
question. Should states corresponding to the smallest values for |o;
+ m; (jo)| | 0; + n;(jw)| be truncated, rather than an algorithm
based upon o; alone? This opens an entirely new avenue for research.

Truncation Example

Consider the model given in Refs. 11 and 17 describing the sta-
ble longitudinal dynamics of a large, flexible aircraft. The model is
12th order with phugoid, short period, and four aeroelastic modes.
Control inputs consist of elevator deflection 8¢ and canard deflec-
tion 8¢, whereas responses of interest are pitch rate g’ and vertical
acceleration g, attained from sensors located near the cockpit.

Suppose an accurate reduced-order model is desired in the
frequency range above 3 rad/s, for structural mode control law
development,”® for example. A fifth-order model is obtained by
FWIRB truncation using an input weighting filter with unity mag-
nitude above 3 rad/s and 40 db/dec attenuation below 3 rad/s. The

80
Higher Order a, /o
— — — — Reduced Order
g
Z
N
g
o]
103 102 10-1 100 101 102
freq. (rad/s
a) q. (radfs)
40
____________ q'/og
g
E
e
S
Higher Order
— — — — Reduced Order
40
103 102 101 e 10t 102
b) freq. (rad/s)

Fig. 1 Elevator excited-frequency responses: truncation example.

frequency responses of the reduced-order and higher order mod-
els are shown in Figs. 1 and 2. Observe that the fifth-order model
accurately reflects the dynamics of the higher order model in the
frequency range of interest, above 3 rad/s.

To investigate the assertion that a reduced-order model, obtained
by the elimination of states corresponding to small o;, is nearly
FWIB, consider the following from Eq. (24):

AnYy 4+ A%, + B:Cui(X21)2 + (X12)2Cy, B
+ ByDy: D% B =0

An(Xi2)2 + BoCyi Xop + (X12)24), + BoDy By,

= —An(Xn) 37
Ayi(X21)2 + XnCl; By + (X21)2A5, + Bui D}, BS
= —(X21)145

AuiXn + XnAj, + BuiB; =0

The second and third equations in Eq. (37) are the only equations
that indicate a nonzero residual term. Further, the third equation is
simply the complex conjugate transpose of the second equation; thus
concentrate on the second equation only. Table 1 shows the maxi-
mum and minimum magnitudes over all the individual elements of
the residual matrix —A,;(X15), appearing in Eq. (37), as the model
is reduced by one state at a time. Also shown are the corresponding
values for ny and o;. Note the correlation between small values for
o; and small values for the elements of the residual matrix, making
these reduced-order models essentially FWIB.

As an aside, observe the oscillatory behavior in the residual matrix
maximum values as the reduction process proceeds as well as the
clustering of the o; values. This behavior results from a complex-
conjugate mode having to be split or approximated by a real mode,
a difficult task indeed. In other words, if half of the complex mode
is eliminated, then the other half might as well be eliminated.

Attention is now turned to the assertion that states corresponding
to small o; inherently have small values for m;(jw) as well. Note
n;(jw) equals zero for identity output weighting. Figure 3 shows
the frequency responses of m; through m,. Observe the correlation
between small values for o; (see Table 1) and small values for m;.
Again, this is crucial to establishing support for the truncation tech-
nique, since o; and m; contribute directly to an upper bound on the
weighted, frequency-domain error.
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Table 1 Residual term summary: truncation example

ng 11 10 9 8 7 6 5
o 0.0012 (o1) 0.084 (03) 0.088(03) 1.3 (04) 4.8 (os) 7.2 (06) 45.(07)
max; j |{—A21 (X12)1},'j | 0.00015 0.14 0.0031 0.22 1.6 0.15 25
min;, ; [{—A21 (X12)1}i/1 0.000000014  0.0000011  0.000012 000025  0.00046 0.0051 0.050
70 e v o also 1ead§ to the p.artition'ing in Eq. (9). Residualization of th?ls}gtes
0| —— — — Reduced Order x, (provided A, is nonsingular) leads to the reduced model' "
g i) = (An — AnAzy Ax)xi() + (Bl — AnAy Ba)u(r) 30)
g ¥(©) = (C1 = C2AZ An)x1 (1) + (D — A3, By)u(t)
g
Residualization Frequency Response Error
" ‘ Here, the reduced-order model G (s) corresponds to that in Eq.
103 102 101 100 108 102 (39), rather than in Eq. (10). It can be shown that the weighted
freq. (radis) residualization error can be expressed as'!
a) . B
Ey(jo) = Co(jo)[ A (jo) — A (jw)]Bu(jo) (40)
30
------------- N q'ldc where
7 B,(jo) = B(jo)Gui(j©)  Cu(jo) = Guo(jo)C(jw)
E B(jw) = By + An®(jo)B,  C(jo) = C; + Ci@(jw)Ap
g . . o
10r Higher Order P(jw) = (jol — An) (C2Y)]
~ — — — Reduced Order . , .
a0k - - e - - A(jo) = joI — Ay — A1 P (jw)Ap
freq. (rad/s) . .
b . A(jo) = ~An — An®(j©)Ap

Fig.2 Canard excited-frequency responses: truncation example.

50

mag. {(db}

-100
102 101 100 101 102
freq. (rad/s)

Fig.3 Additional error bound term summary: truncation example.

Residualization with FWIB Coordinates

In this and the following sections, the second goal of estabilish-
ing FWIB residualization as an equally valid reduction technique is
considered. This primarily involves an error analysis, followed by
numerical examples. Considerable development to follow parallels
the analysis given in the previous sections for FWIB truncation.
However, the reader is warned that the notation here represents fea-
tures of the residualization technique, which are distinct from that
of the truncation technique.

Recall the development of the weighted, balanced state-space
realization in Egs. (1-7). Suppose the o; are now ordered from
largest to smallest. Partitioning of X1,Y1; as

Xy =%= %0
nhn =x7=1 2
El =diag{(f,} i = 1,...,nR (38)
3, = diag{o;} i=ng+1,...,n

o> 20,20

Observe from Eq. (40) that, for zero w, the weighted frequency re-
sponse error resulting from this reduction technique is exactly zero.
Further, the error is nearly zero in the low-frequency range where
jw is considered small relative to the diagonal elements of Aj,,
which represent the dynamics of the residualized coordinates. For
truncation, the reverse characteristics hold, i.e., the error is small at
high frequencies and precisely zero for infinite w. Therefore, when
FWIB reduction is being considered as a candidate technique, and
the circumstances essentially call for elimination of high-frequency
modes, residualization appears to be more appropriate than trunca-
tion. Further, if the specific problem calls for elimination of both
high- and low-frequency modes, then a combination of FWIB resid-
ualization and FWIB truncation appears appropriate.

Now, the maximum singular value of the weighted error can be
expressed as

GE, ] =A[(A7 = ATHB,By(A™ = ACC] (D)

By expanding the products Ew(jw)f?:;(ja)) and é;;(jw)éw(jw)
and using the transformed, partitioned Eq. (4), it can be shown that!!
BBy = A[Z2+ Xua(—jol — A,)7'ChB*]
+ [T + BCu(joI — Au)™ (Xa)2 ] A" w
CiCy = A [ B2+ (Yool — Ayo) ' BuoC]
+ [+ E By, (—jol — AL) (Y )2]D
where (X5,), and (Y),), are partitions of X, and Y}, as in Eq. (17).
:Sfltler substituting Eq. (43) into Eq. (42), 6 [ E,, (jw)] can be rewritten
& E,] = A[{A7 (B + M)A — AT (T + M)A™
+ joAN Y M — MHHA (B + NHA

— A7 (T + NDA + jor (N = N} (44)
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where
M(jo) = B(jo)Cypi(joI — Aw)™' (Xu)2

- (45)
N(jo) = (Yin)2(jol ~ Auo) ™ BuoC (jw)
Note the Z; + M (jw) and T, + N (jw) structure in Eq. (44), which
is convenient for further error-bound simplification.

Residualization Bound for Order Reduction by
One State
Forn —ng =1, & = g,, A(jo) = §(jw), A'(jo) = §(jw),
M(jw) = m(jow), and N(jw) = n(jw) all become scalars, and
Eq. (44) yields!!

G*[Ew] = (a + p)(@* + q) (0, + m) (o, + %) (46)

where

a(jw) =87 (jw)s* (jw) — 8" (jw)§™* (jw)
pljw) = jws' ' (jo){1 = [0y +m(jo)] o, + m"(jw)1}
q(jo) = jos " (jo){lo, +n*(jo)] o, +n(jw)) — 1}
@7
provided 0, # —m(jw) and 0, # —n*(jw) for all frequencies.
Note that o, is areal number whereas m (jw) and n(j w) are complex
numbers, making it unlikely that o, = —m(jw) ando, = —n*(jw).
Since the right-hand side of Eq. (46) originates from a positive
semidefinite matrix (i.e., E,, E), taking the absolute value does not
alter the equality, or

G*[Ew] = la + plla* + gl lo, +m| o, +n|
< (lal -+ |Iphdal + lgDlon +mllon +nl  (48)

Substitution of the inequality |a(jw)| < 2 into Eq. (48) yields the
error bound for order reduction by one state,!!

G[Eu(jo)] < k(jo)lo, + m(jw)] o, +n(jw)]V? 49)
where

k(jw) = [2+ p(jo)D2 + lg(jw)D]? (50)

Observe that the structure of this error bound is quite similar to that
for IB residualization'® and in fact reduces to the IB result when the
weighting filters are selected to be unity [i.e., m(jw) = n(jw) =0
and p(jow) = q(jw) = 0].

Note the scalar term k(jw) multiplying the |0, + m(jw)| |0, +
n(jw)| term is now frequency dependent, rather than the constant
value 2, as in Eq. (23). A direct analytical calculation of the maxi-
mum values of | p(jw)| and |g(jw)| is not practical; however, note
the following results from Ref. 11. When w tends to zero, p(jw)
and g (jw) tend to zero, or

lirr})p(ja)) =0 lirr})q(ja)) =0 51H

When o tends to infinity, p(jw) and g(jw) tend to the following:

B,D,; D" BX
lim p(jw)=2+-—3—'“—-—-“i'——2
W00

g, A
. 22 (52)
. . C2 D::,ngoCZ
lim g(jw) = -2 - 2"
@W=00 GIIAZZ

For intermediate values of w, a direct numerical calculation of p(jw)
and g (jw) for specific examples reveals that | p(jw)| and |g(jw)|
are typically no larger than the limits in Eq. (52). Therefore, k(jw)
in Eq. (49) can be approximated by the constant value 4 (assuming
D,,; and D,, are zero), but here the error-bound result will be left
in terms of k(jw).

Approximate Residualization Bound for General Case

Unfortunately, as before, the error bound for order reduction by
one state cannot be applied successively (without approximation) to
obtain a useful error bound for the general case of order reduction
by more than one state. This is because the reduced-order model
from residualization is not FWIB. This is shown by multiplying the
transformed, partitioned controllability Eq. (4) by Z, on the left
and Z7 on the right, and multiplying the transformed, partitioned
observability Eq. (4) by Z3 on the left and Z, on the right where

I —ApAy 0 ! 0
Z, = 120 Zy=| -AjAy 0| (53)
0 0 I . ;

these operations lead to

AXRXR +XRA*XR + BXRB;R = RX

(54)
A;R YR + YRAYR + C;RCYR = Ry
where
(An — AnpA3 Ay) (B — ApAy, By)Cui
Aty 0 Ay
(Au - A12A{21A21) 0
AyR = 1
Buo(C1 — C2A3) A1) A,
B — ApAL) B D,
Bx, = |:( 1 1;“22 2) ]
Cry = [Duo(C1 — C2A3) An)  Cuo] (55)

2:l (X12)1 z:1 (Y12)1
X = Y =
8 [(sz Xzz] f [(Yzm Yzz]
RX=

B (Bl — ApAs) Bz)Cwi(le)zAz_zl*A’fz T
. Ale;; (X12)2A%;
+AnAy (X0 Cl (B — Bj Ay AY)

L Aui(X2)245 A, 0
RY =

[ (CT - AzlAz_zl*C;)B:o(anAz_z] Ay 7
* 14;|AZ'I1 (Y12)2Awa
+ A3 A% (Yi2)2Buo (C1 - C2A2_21A21)

L A% (Ya1)2A5) Asy 0

For the reduced-order model to be FWIB, the residual terms Ry and
Ry would have to equal zero and they are clearly not zero, in general.

Suppose for now that Ry and Ry are small and negligible (this
assumption is addressed later). Denote m; (jw), n;(jw), and k; (j w)
as the variables corresponding to m (jw), n(jw), and k(jw), respec-
tively, in Egs. (45) and (50) for successive order reductions by one
state. Similar to the calculation given in Eqs. (26-29) for truncation,
the approximate error bound for the general case is'!*!7

n

FIE () < Y ki(jo)lloi+mi(j)leoloi+m(jo)I" (56)

i=np+1

Again observe the similarity with the error bound for IB
residualization,'® and note the result reduces to the IB bound when
the weightings are selected as unity [i.e., m;(jo) = n;(jw) = 0
and k(jw) = 2].
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Fig.4 [Elevator excited-frequency responses: residualization example.
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Fig. 5 Canard excited-frequency responses: residualization example.

Observations Supporting FWIB
Residualization Technique

Observe that the error bounds given in Egs. (49) and (56) again
consist of two parts: the controllability-observability measures o;
and the additional variables m; and n;. Suppressing the analysis
similar to that given for truncation, it can be shown that residualized
states with small values for o; will inherently possess small numer-
ical values for the elements within M (jw) and N(jw) and hence
for m; and n;. Therefore, the terms |o; + m;(jw)||o; + n;(jw))
appearing in the upper bound on the weighted frequency response
error in Egs. (49) and (56) will be correspondingly small. In other
words, the weighted frequency response error will be small across
the entire spectrum, and the unweighted frequency response error
will be small in the desired region.

Returning to the assumption that the residual terms in Eq. (54)
are small and negligible, note that the nonzero blocks of Ry and Ry
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Fig. 6 Elevator excited-frequency responses using truncation:
residualization example.

are direct functions of (X3;), and (Yy3),. Thus, a reduced model,
obtained by residualizing states having numerically small values for
o;, is nearly FWIB. The error bound in Eq. (56) for the general case
of order reduction by more than one state is denoted approximate,
in this sense.

Residualization Example

Reconsider the model given in Refs. 11 and 17, and now suppose
an accurate reduced-order model is required in the frequency range
below 3 rad/s for an equivalent systems handling qualities analysis,’
for example. A fifth-order model is obtained by FWIB residualiza-
tion using an input weighting filter with unity magnitude below 0.5
rad/s and 40 db/dec attenuation above 0.5 rad/s. The frequency re-
sponses of the reduced-order and higher order models are shown in
Figs. 4 and 5. Observe that the fifth-order model well approximates
the dynamics of the higher order model in the frequency range of
interest, below 3 rad/s.

To assess the usefulness of FWIB residualization, a fifth-order
model obtained by FWIB truncation, using the same weighting fil-
ter as above, is shown in Figs. 6 and 7. It is clear that this fifth-order
model does a poor job of predicting the dynamic characteristics of
the higher order model in the frequency range of interest. Note with
this technique the reduced-order model will never match, in gen-
eral, the zero frequency gain of the higher order model. Although
not shown, a sixth-order model obtained from FWIB truncation does
amuch better job of approximating the lower frequency range, with
the trade-off of increased dynamic order.

Truncation-Residualization Example

To demonstrate that FWIB truncation and residualization may be
used in a coordinated manner to achieve higher accuracy than that
attainable from either technique used alone, suppose an accurate
reduced-order model is desired in the 1-10 rad/s frequency range.
This would be the case if the model were to be used for attitude flight
control development,?! for example. An input weighting filter with
unity magnitude in the 1-10 rad/s frequency range and 40 db/dec
attenuation otherwise is used. One fourth-order model is obtained
by FWIB truncation. Another fourth-order model is obtained by a
combination of FWIB truncation and residualization.

In the combined truncation-residualization technique with the o;
ordered from smallest to largest as in Eq. (8), the states x; and xg
are truncated and states x,, x3, X4, X5, X7, and xg are residualized.
By performing a modal analysis on the FWIB model, or by elimi-
nating one state at a time and observing which mode is essentially
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Fig. 8 Elevator excited frequency responses: combined truncation-
residualization example.

eliminated, it can be found that states x; and x¢ are associated with
a low-frequency (phugoid) mode, whereas states x;, x3, X4, Xs, X7,
and xg are associated with modes at high frequency (second through
fourth aeroelastic modes), relative to the frequency range of interest.

The frequency responses of the reduced-order and higher order
models are shown in Figs. 8 and 9. As seen in Figs. 8 and 9, both
fourth-order models accurately reflect the dynamics of the higher
order model in the weighted frequency range as desired. However,
note in the ¢'/8 and ¢'/8¢ frequency responses that the reduced-
order model from FWIB truncation-residualization has improved
accuracy in the 0.1-1-rad/s frequency range relative to the reduced-
order model from FWIB truncation. Note this is achieved at the
expense of less accuracy in the ¢’ /8 frequency response around 40—
100rad/s. These results demonstrate that, even with FWIB reduction
techniques, the user should still be aware of classical order reduction
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Fig. 9 Canard excited frequency responses: combined truncation-
residualization example.

knowledge concerning truncation and residualization as well as the
physics underlying the model.!?

Conclusions

The real importance of a frequency response error analysis is not
for an a priori assessment of the numerical reduction accuracy, but
rather in gaining insight, offering guidance, and giving justification
for the technique. In other words, the user understands how and why
elimination of coordinates based upon a specific criterion leads to
small frequency-domain error. The FWIB truncation error analysis
presented here gives support for the truncation of coordinates based
solely upon the weighted controllability-observability measures and
explains how these measures contribute to an upper bound on the
frequency response error. However, the error analysis results also
suggest the possibility of increased accuracy in the reduced-order
model if a new criterion is considered when selecting coordinates
for elimination.

Residualization with FWIB coordinates has been shown to be
a valid and appropriate order reduction technique when compared
with FWIB truncation, especially when the problem fundamentally
involves elimination of high-frequency modes. Also, a combined
FWIB truncation-residualization procedure, consistent with classi-
cal truncation and residualization, can be used to obtain higher accu-
racy than that achievable from either technique used alone. Finally,
new, multivariable, high-powered reduction techniques should not
be applied blindly, but rather with caution, peppered with a classical
understanding of order reduction and fundamental insight into the
system dynamic characteristics.
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